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Instituto Politécnico Nacional
Pachuca, Mexico
jvelazquezv@ipn.mx

UPIIH
Instituto Politécnico Nacional
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Abstract—The trajectory tracking based on a linearization
approach for mechanical systems by using only output information and considering the presence of matched uncertainties/perturbations is presented. To achieve asymptotic tracking
of a given continuous time-varying reference a time-varying
continuous integral sliding mode controller is used. This controller guarantees the exact compensation of matched uncertainties/perturbations in finite-time. The states are reconstructed
theoretically exactly in finite-time by using a sliding mode based
observer. The proposed approach is validated by simulation.
Index Terms—Continuous Sliding Mode, Linear Time-Varying
System, Mechanical System, Observer, Trajectory Linearization
Control

I. I NTRODUCTION
Mechanical systems are used in many engineering areas such as robotics, bio-engineering, automotive systems,
aerospace application, etc. Typically these systems are represented by a second order differential equation that describes
the acceleration of their generalized coordinates [1], [2]. In
general, two problems arise in the control of such systems,
regulation and trajectory tracking.
The problem of trajectory tracking has been widely study
in the literature and several control frameworks can be applied
[3]–[5]. In this paper, the Trajectory Linearization Control
(TLC) strategy [6]–[8] is extended to deal with matched
uncertainties/perturbations and incomplete state information in
mechanical systems. The TLC is based on an approximate
linearization along the desired trajectory generating a Linear
Time Varying (LTV) system which describes the linearized
tracking error dynamics. The TLC is an effective technique to
solve nonlinear tracking which combines an open nonlinear
dynamic inversion [4], [6], [9] and a LTV feedback stabilization [3], [10]. The TLC may effectively handle the nonlinear
time-varying residual dynamics better than the feedback linearisation control [11] and it can be used in non-minimum
phase systems [7]. But, if the system deviates from the
desired trajectory and uncertainties/perturbations are affecting
the system, the LTV feedback controller cannot guarantee the
stability/performance of the system. The TLC strategy has
been applied in the literature under the assumption that full
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state vector measurements are available (see e.g. [7], [8], [12]).
However, this assumption is quite restrictive for mechanical
systems, since in general only position measurements are
available.
Several robust approaches that assure the linearized tracking
error dynamics is uniform ultimately bounded have been
proposed [13], [14]. These approaches only improve the
performance of the tracking error dynamics and require full
state vector measurements. To make the system robust in
the presence of matched uncertainties/perturbations the sliding
modes framework [15], [16] can be used, allowing asymptotic
stability of the tracking error dynamics.
In [17]–[19] a trajectory tracking control based on a first
order sliding mode control is proposed. But, it generates
high level chattering that may harm the actuators and need
measurements of the velocity. In [20], [21] different sliding
modes control strategies is used for a tracking task, the
chattering is attenuated by substituting the sign function by
a saturation one. But, this affects the finite-time convergence
property of the sliding mode and the robustness is lost [16].
For systems with relative degree one, the chattering can be
attenuated by using the Super Twisting Algorithm (STA) [22],
[23]. This controller generates a continuous control signal,
guarantees finite-time convergence of the sliding variable to
the origin, and compensates (also in finite-time) the matched
uncertainties/perturbations.
To compensate the lack of full state measurements, normally
an state observer is used. In [24] a finite-time state observer
for mechanical systems is proposed. This observer is capable
to reconstruct the velocity of the system in the presence of
matched uncertainties/perturbations. In [25] an homogeneous
controller is proposed together with an extended state observer
to asymptotically track a desired trajectory with a continuous
control signal.
It is well known, that the effects of the uncertainties/perturbations can be compensated since the initial time
by using the integral sliding mode [26], [27] approach. But,
it generates high level chattering. To diminish the chattering
a continuous integral sliding mode strategy based on the STA

is proposed in [28]. This strategy compensates the uncertainties/perturbations in finite-time by using a continuous control
signal. Hence, the system behaves as the nominal one after a
finite transient. For time varying systems, in [29] an output
integral sliding mode controller for LTV systems is proposed
and a first order sliding mode controller is used.
The aim of this paper is to design a Robust Output Trajectory Tracking (ROTT) strategy based on a time varying
continuous integral sliding mode approach. The proposed
strategy solve the trajectory tracking problem for a given trajectory in the presence of matched uncertainties/perturbations
in mechanical systems by using a time varying continuous
integral sliding mode controller and only output information.
In absence of uncertainties/perturbations a nominal controller
is proposed guaranteeing asymptotic tracking. The states are
reconstructed in finite-time by a sliding mode observer for
mechanical systems [24], while the uncertainties/perturbations
are compensated in finite-time by a time varying continuous integral sliding mode controller. The full strategy assure
asymptotic tracking of the desired trajectory.
This paper is organized as follows. Section 2 presents the
preliminaries and problem formulation. Section 3 is devoted
to the presentation of the proposed strategy and the design
of the observer and the controller. In section 4 the strategy
is validated through MATLAB simulations and Section 5
concludes the paper.
II. P RELIMINARIES

Define e1 (t) = x1 (t) − x∗1 (t) and e2 (t) = x2 (t) − x∗2 (t) as the
tracking error. Hence, the error dynamics are represented by
ė1 (t) = e2 (t),
ė2 (t) = f (x1 , x2 , ū, t) − f (x∗1 , x∗2 , u∗ , t) + ϕ(t).

ė1 (t) = e2 (t),
ė2 (t) = A21 (t)e1 (t) + A22 (t)e2 (t) + B2 (t) (u(t) + φ(t)) ,
(5)
where

with m1 and m2 known scalars.
The mechanical system (1) can by rewritten in the state
space form with x1 = q and x2 = q̇
x(t0 ) = x0 ,

x1 =x∗
1 (t)
x2 =x∗
2 (t)
∗
ū=u (t)

B2 (t) =

n

ẋ1 (t) = x2 (t),
ẋ2 (t) = f (x1 , x2 , ū, t) + ϕ(t),

∂f
∂x1

(1)

where q(·) ∈ R denotes the generalized coordinate vector,
M (·) ∈ Rn×n is a symmetric positive definite inertia matrix,
C(·, ·) ∈ Rn×n is the Coriolis and centrifugal forces matrix,
G(·) ∈ Rn is the gravity vector, τ (·) ∈ Rn is the torque vector
generated by m input signals, i.e. τ (ū) = Γū(t), with Γ ∈
Rn×m a distribution input matrix and ū(·) ∈ Rm . ς(·) ∈ Rn
are unknown bounded Lipschitz external forces actuating in
the system. It is assumed that only the position measurements
of the mechanical system are available.
Recall that the inertia matrix M (·) satisfies the following
property [1]
0 < m1 I ≤ M (q) ≤ m2 I,

(2)

y(t) = x1 (t);
with x(t) = [ xT1 (t) xT2 (t) ]T , y(t) ∈ Rn and ϕ(t) =
M −1 (x1 )ς(t) are the state, output, input and uncertainties/perturbations vectors, respectively. Observe that since M
is bounded and ς it is assumed bounded and Lipschitz then
ϕ preserves such properties. Commonly a desired trajectory

(4)

Let ū(t) = u∗ (t)+u(t), where u(t) ∈ Rm is a control signal
responsible to regulate the error dynamics and to compensate
the uncertainties/perturbations. By using first order Taylor
approximation the error dynamics (4) can be represented as

A21 (t) =

Consider a nonlinear mechanical system
M (q)q̈(t) + C(q, q̇)q̇(t) + G(q) = τ (ū) + ς(t),

y ∗ is planed for the output of a system. In the absence of
disturbances/perturbations, i.e. ϕ(t) = 0, and by using a
system inversion or pseudo-inversion technique [6], [9], [30], it
is possible to obtain a nominal input control ū = u∗ (t) ∈ Rm
capable to maintain the non-linear system in the desired
trajectory, by only using the information contained in y ∗ . Let
x∗1 (t) = y ∗ (t) and x∗2 (t) ∈ Rn the desired trajectory to be
tracked by the system and its first derivative, respectively. Then
the dynamics of the system that follows the desired trajectory
are
ẋ∗1 (t) = x∗2 (t),
(3)
ẋ∗2 (t) = f (x∗1 , x∗2 , u∗ , t).

,
∂f
∂ ū

A22 (t) =

x1 =x∗
1 (t)
x2 =x∗
2 (t)
ū=u∗ (t)

∂f
∂x2

x1 =x∗
1 (t)
x2 =x∗
2 (t)
∗
ū=u (t)

,

.

It is assumed that B2 (t)φ(t)
= f (x1 , x2 , ū, t) −
f (x∗1 , x∗2 , u∗ , t) − (A21 (t)e1 (t) + A22 (t)e2 (t) + B2 (t)u(t)) +
ϕ(t). Observe that the LTV system (5) is an equivalent
representation of the tracking error dynamics (4).
The tracking error dynamics (5) are given in matrix form
as
ė(t) = A(t)e(t) + B(t) (u(t) + φ(t)) ,

(6)

where





0
I
0
, B(t) =
,
A21 (t) A22 (t)
B2 (t)


e1 (t)
e(t) =
.
e2 (t)
To regulate the error dynamics (6) a control scheme capable to compensate the matched uncertainties/perturbations by
using only output information is necessary. In the rest of the
paper the following assumptions are considered
A1
The LTV system (6) is controllable and observable
A2
The uncertainties/perturbations φ are bounded and
Lipschitz, i.e., kφ(t)k ≤ φ+
kφ̇(t)k ≤ φ+
0,
1
A3
The matrix B conforms a full rank matrix for all t,
i.e. rank(B(t)) = m, ∀t
A(t) =

III. ROBUST O UTPUT T RAJECTORY T RACKING C ONTROL
S TRATEGY
To achieve the control objective, the proposed ROTT Strategy is summarized in Figure 1. Each part of the strategy is
designed in the sequel. Let u = unom + uint , where uint is
a sliding mode base controller responsible to compensate the
matched uncertainties/perturbations in finite-time.
A. Observer Design
To reconstruct the states of (6) a second order sliding mode
observer [24] is used. The observer dynamics are given by

Fig. 1: Block Diagram of the Proposed ROTT

x̂˙ 1 (t) = x̂2 (t) + z1 (t),
x̂˙ 2 (t) = A21 (t)e1 (t) + A22 (t)x̂2 (t) + B2 (t)u(t) + z2 (t),
x̂1 (t0 ) = y(t0 ), x̂2 (t0 ) = 0;
(8)

A. Nominal Error Dynamics
Under the assumption of full state information and the
absence of uncertainties/perturbations, i.e., φ(t) = 0, the
nominal error dynamics are defined as
ėnom (t) = A(t)enom (t) + B(t)unom (t)
(7)
 T

T
where enom (t) = e1,nom (t) eT2,nom (t)
and unom (t) =
−K(t)enom (t) is any stabilizing controller that assure asymptotic stability of (7). For concreteness it is assumed an LQR
stabilizing controller [3], [10] designed such that it minimizes
the cost function
Z tf

J=
eTnom (t)Q(t)enom (t) + uTnom (t)R(t)unom (t) dt,
t0

subject to (7), with Q(t) ∈ R2n×2n and R(t) ∈ Rm×m
are symmetric positive and semi-positive matrices respectively. The optimal gain input matrix is defined as K(t) =
R−1 (t)B T (t)P (t) where P (t) is a symmetric non-negativedefinite matrix function that satisfies the matrix differential
Riccati equation
−Ṗ (t)=Q(t) − P (t)B(t)R−1 B T (t)P (t)+P (t)A(t)+AT P (t);
with the terminal condition P (tf ) = I. This Riccati differential equation can be solved online by using the approach
proposed in [31].
B. Problem Formulation
The error dynamics of the LTV system (6) is affected
by matched uncertainties/perturbations. Under the assumption
that only output information is available a ROTT scheme
is proposed. The states are observed theoretically exactly in
finite-time by using a second order sliding mode observer
[24]. The system is robustified by using a continuous time
varying integral sliding mode controller and the observed
state to achieve finite-time theoretically exact compensation
of the matched uncertainties/perturbations. Hence, the error
dynamics (6) behaves as the nominal one (7) after a finite
transient, i.e. e → 0 asymptotically.

where the correction variables z1 and z2 are output injections
of the form
1

z1 (t) = k1,obs ⌊ê1 (t)⌉n2 ,

z2 (t) = k2,obs ⌊ê1 (t)⌉0n ;

with ê1 = e1 − x̂1 , k1,obs and k2,obs are the STA observer
gains and


|ê1,1 |p sign(ê1,1 )
 |ê1,2 |p sign(ê1,2 ) 


⌊ê1 ⌉pn = 
(9)
;
..


.
|ê1,n |p sign(ê1,n )

with ê1,i the i-th element of the vector ê1 . The error dynamics
of the observer takes the form
ê˙ 1 (t) = ê2 (t) − z1 (t),
ê˙ 2 (t) = ζ(t, ê2 ) − z2 (t),
ζ(t, ê2 ) = A22 (t)ê2 (t) + B2 (t)φ(t).
where ê2 = e2 − x̂2 . Suppose that the nominal controller unom
stabilizes the error dynamics (5) and ê2 remains bounded.
Hence, there exist ζmax > 0 such that kζ(t, ê2 )k ≤ ζmax .
If this is not the case, suitable linear terms can be added to
the observer dynamics (8) to guarantee the stability. A similar
approach can be found in [32].
Lemma 1. [24] Let kζ(t, ê2 )k ≤ ζmax , with ζmax > 0. If
the gains k1,obs and k2,obs of (8) are designed as
p
k1,obs = 1.5 ζmax and k2,obs = 1.1ζmax ,

then the error dynamics of the observer (8) converges in finitetime to the origin.
B. Continuous Time Varying Integral Sliding Mode Controller
To compensate the matched uncertainties/perturbations and
to fulfill the control objective, it is necessary to design a
robustifying strategy capable to compensate in finite-time the
matched uncertainties/perturbation by using the observed state.
Assume the observer has converged, i.e x̂1 (t) = e1 (t) and
x̂2 (t) = e2 (t) for all t ≥ tr where tr is the reaching time of
the observer.


T
Let ẽ = x̂T1 x̂T2
and construct the nominal control
signal by using the observed state, i.e.
unom (t) = K(t)ẽ(t).
Define a sliding variable as
s(t) = G(t) (ẽ(t) − ẽ(t0 )) −

Z

t

G(τ )dτ,

(10)

t0

where G(·)
=
G(·) (A(·)ẽ(·) + B(·)unom (·)) +
Ġ(·) (ẽ(·) − ẽ(t0 )), and G(·) is a differentiable projection
matrix designed such that det(G(t)B(t)) 6= 0 for all t ≥ t0 .
For simplicity, assume G(t)B(t) = I. Then the dynamics of
the virtual sliding variable are
ṡ(t) = uint + φ(t)

(11)

IV. S IMULATION
Consider a laboratory 2 DoF helicopter model mounted on
a fixed base with two propellers. The front propeller controls
the elevation of the helicopter nose about the pitch axis, and
the back propeller controls the side to side motions of the
helicopter about the yaw axis. The nonlinear model of the
helicopter is given by [34]

2
θ̈ = kpp Vmp + kpy Vmy − Bp θ̇
Jeqp + mheli lcm
2
− mheli lcm
cos (θ) sin (θ) ψ̇ 2 − mheli lcm g cos (θ) + ϕ(t),


2
2
mheli cos (x1 ) − lcm
+ Jeqy ψ̈ = kyy Vmy + kyp Vmp
2
θ̇ cos (θ) sin (θ) ψ̇ + ϕ(t);
− By ψ̇ + 2mheli lcm

where θ and ψ denotes the pitch and yaw angles of the
helicopter respectively, the rest of the parameters are summarized in table I. The control objective is to track a reference
TABLE I: Simulation Parameters of the helicopter [34]

and the equivalent control takes the form

Symbol
kpp

uint,eq (t) = −φ(t).

kyy

Then the tracking error dynamics (6) on the sliding mode takes
the form

kpy
kyp

ė = A(t)e(t) + B(t)unom (t).

Beqy

Note that the tracking error dynamics are equivalent to (7).
Let uint be a STA controller [16], [22] of the form
1
2
+ ω(t),
uint = −k1 ⌊s(t)⌉m

ω̇(t) = −k2 ⌊s(t)⌉0m ,

(12)

mheli
lcm
Jeqp
Jeqy
g

Description
Thrust force constant of pitch axis from
pitch motor
Thrust torque constant of yaw axis from
yaw motor
Thrust torque constant of pitch axis
from yaw motor
Thrust torque constant of yaw axis from
pitch motor
Equivalent viscous damping about yaw
axis
Total moving mass of helicopter assembly
Center of mass length along helicopter
body from pitch axis
Total moment of inertia about pitch axis
Total moment of inertia about yaw axis
Gravity force

Value
0.204

Unit
N m/V

0.072

N m/V

0.0068

N m/V

0.0219

N m/V

0.800

N/V

0.318

kg

0.186

m

0.0384
0.0432
9.81

kg m2
kg m2
m/s2

where ⌊·⌉pm was defined in (9).
Lemma 2. Consider a system of the form (11) with uint a STA
Controller (12). If the uncertainties/perturbations φ satisfy
q
assumption A2, and the gains are designed as k1 = 1.5 φ+
1
and k2 = 1.1φ+
.
1
Then s, ṡ and s̈ converge to the origin in finite-time
and the uncertainties/perturbations in (6) are compensated
theoretically exactly in the same manner.

trajectory
π
π 
π
+ 1.
t and ψ ∗ = 0.5 sin
t+
8
16
3
Performing a system inversion we obtain the nominal controller u∗
 ∗  
−1 


Vmp
g1 (x∗ )
f1 (x∗ )
∗
u∗ =
=
ÿ
−
,
∗
Vmy
g2 (x∗ )
f2 (x∗ )
θ∗ (t) = 0.3 sin

where
Proof. Observe that under the control signal (12) the dynamics
of the sliding variable takes the form of a conventional STA
and since the uncertainties/perturbations
are Lipschitz then by
q
+
selecting the gains k1 = 1.5 φ1 and k2 = 1.1φ+
1 , the finitetime stability of the sliding variable is guaranteed. See [22],
[33] for more details on STA gain desing.
Note that if the controller uint is designed as in the above
lemma, the error dynamics converge assymptotically to the
origin. Moreover, the form of the STA control law in (12)
conforms an homogeneous continuous function that attenuates
the chattering since the high frequency term is under the
integral [16], [23].

2
cos (x1 ) sin(x1 )mheli lcm
x24 + g cos (x1 ) mheli lcm
2 +J
mheli lcm
eqp
Bp x˙1
,
−
2 +J
mheli lcm
eqp
2
2 cos (x1 ) sin (x1 ) mheli x3 x4 lcm
− By x4
f2 (x) =
,
2
2 +J
mheli cos (x1 ) − lcm
eqy

 ∗
θ̈ (t)
∗
,
ÿ (t) =
ψ̈ ∗ (t)


1
kpp kpy ,
g1 (x) =
2 +J
mheli lcm
eqp


1
kyp kyy ;
g2 (x) =
2
2 +J
mheli cos (x1 ) − lcm
eqy

f1 (x) = −

Fig. 4: Observation Error Norm of the 2DoF helicopter in the
presence of matched uncertainties/perturbations and ROTT
Fig. 2: Nominal Behavior of the 2DoF helicopter: Simulation
(Blue line: desired trajectory, red line: helicopter trajectory)

Fig. 3: Behavior of the 2DoF helicopter in the presence of
matched uncertainties/perturbations and only nominal controllers: Simulation (Blue line: desired trajectory, red line:
helicopter trajectory)

with the state variables defined as x1 = θ, x2 = ψ, x3 = θ̇
and x4 h = ψ̇. and the full desired
i trajectory is given by
T
T
∗T
∗T
∗T
x∗ = θ∗
. Performing a Taylor linψ
θ̇
ψ̇
earization around the desired trayectory x∗ with the obtained
controller u∗ the proposed approach is applied. The designed
nominal controller is an LQR with Q = 10I and R = I.
The Riccati differential equation is solved online, by using
the transformation proposed in [31]. The system is simulated
in Matlab Simulink® , with a sample step ∆t = 1 × 10−4 and
the Euler’s fixed step method. For comparison purposes, the
nominal behavior of the system is given in Figure 2. Note
that the nominal controllers are capable to track the desired
trajectory when the system is not affected by perturbations.

π
For simulation purposes assume ϕ(t) = sin π cos 4t
+
10. The behavior of the helicopter in the presence of matched
uncertainties/perturbations is given in Figure 3. However, it
can be seen that the nominal controllers are not capable to
track the desired trajectory due to the effects of the uncertainties/perturbations.
The proposed ROTT approach is now applied to the perturbed helicopter. The observer error is depicted in Figure

Fig. 5: Behavior of the 2DoF helicopter in the presence
of matched uncertainties/perturbations and ROTT approach:
Simulation (Blue line: desired trajectory, red line: helicopter
trajectory)
4, while Figures 5 and 6 illustrates the trajectory tracking
and its error. Observe that with the ROTT the control objective is achieved despite the presence of matched uncertainties/perturbations and using only output information.
V. C ONCLUSIONS
A Robust Output Trajectory Tracking Strategy for mechanical systems is proposed based on a continuous integral sliding
mode approach. The system is linearized around a desired
trajectory. An LQ nominal controller is designed guaranteeing
the tracking in the absence of uncertainties/perturbations.
Finite-time theoretical exact reconstruction of the velocities

Fig. 6: Tracking Error Norm of the 2DoF helicopter in the
presence of matched uncertainties/perturbations and ROTT

of the perturbed mechanical system is assured by a sliding
mode observer. The observed state vector is used in a continuous time varying integral sliding mode controller. This
controller compensates theoretically exactly the matched uncertainties/perturbations in finite-time. The proposed strategy
assures asymptotic tracking of the desired trajectory in the
presence of matched uncertainties/perturbations.
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[28] R. Galván– Guerra, L. Fridman, J. E. Velázquez– Velázquez,
S. Kamal, and B. Bandyopadhyay, “Continuous output integral
sliding mode control for switched linear systems,” Nonlinear Anal.
Hybrid Syst, vol. 22, pp. 284 – 305, 2016. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1751570X16300292
[29] R. G. Guerra and L. Fridman, “Robustification of time varying linear
quadratic optimal control based on output integral sliding modes,” IET
Control Theory & Applications, vol. 9, pp. 563–572(9), February 2015.
[Online]. Available: https://digital-library.theiet.org/content/journals/10.
1049/iet-cta.2014.0095
[30] R. Hirschorn, “Invertibility of multivariable nonlinear control systems,”
IEEE Transactions on Automatic Control, vol. 24, no. 6, pp. 855–865,
December 1979. [Online]. Available: https://ieeexplore.ieee.org/abstract/
document/1102181
[31] M.-S. Chen and C.-Y. Kao, “Control of linear time-varying systems
using forward riccati equation,” ASME Journal of Dynamic Systems,
Measurement, and Control, vol. 119, no. 3, pp. 536–540, 1997.
[Online]. Available: https://doi.org/10.1115/1.2801290
[32] R. Galván-Guerra, L. Fridman, and J. Dávila, “High-order slidingmode observer for linear time-varying systems with unknown
inputs,” International Journal of Robust and Nonlinear Control,
vol. 27, no. 14, pp. 2338–2356, 2017. [Online]. Available: https:
//onlinelibrary.wiley.com/doi/abs/10.1002/rnc.3698
[33] R. Seeber and M. Horn, “Stability proof for a well-established
super-twisting parameter setting,” Automatica, vol. 84, pp. 241 – 243,
2017. [Online]. Available: http://www.sciencedirect.com/science/article/
pii/S000510981730328X
[34] E. V. Kumar, G. S. Raaja, and J. Jerome, “Adaptive pso for
optimal lqr tracking control of 2 dof laboratory helicopter,” Applied
Soft Computing, vol. 41, pp. 77 – 90, 2016. [Online]. Available:
http://www.sciencedirect.com/science/article/pii/S1568494615008029

