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Abstract—Visual object tracking is commonly accompanied
with large variations in the image frame size and position, as
caused by the object dynamics and low frame rate. In this
paper, we treat such variations as a Gauss-Markov colored measurement noise (CMN), modify the Kalman filter and unbiased
finite impulse response filter using the backward Euler method
and employing measurement differencing, and apply to some
simulated and benchmark data. It is shown that the modified
filters can suppress efficiently both the slow frame variations
associated with CMN and fast variations associated with white
noise. Extensive experimental investigations conducted for the
“Car4” benchmark database has demonstrated a high efficiency
of the modified algorithms.
Index Terms—Visual object tracking, colored measurement
noise, Kalman filter, unbiased FIR filter
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I. I NTRODUCTION
Visual object tracking is a well-recognized problem of estimating the trajectory of some target over a sequence of images
across frames [1]. As such, it is fundamental in computer
vision, but also establishes a steady topis for signal and image
processing [2]–[4], where coordinates of a sequence of frames
are considered as data for the object trajectory estimation.
When a video camera catches an object and then track it in
time, consecutive video frames do not follow an object exactly,
especially when an object moves faster than the frame rate
[5], that is akin to problems in bandlimited channels [6] and
narrowband receivers [7]. A similar effect is viewed when an
object changes orientation over time. An efficient way to avoid
large tracking errors is to employ a motion model and use
state estimators [8]–[16]. If the model is carefully specified in
state space, it may represent the object dynamics for different
possible motions quite accurately. But, even so, the tracking
accuracy will still highly dependent on the measurement
residuals representing data noise and mismodeling errors.
An example of possible frame appearances while catching
a moving car is shown in Fig. 1 for the “Car2” benchmark
[17], where a desirable (ideal) frame is shown in white. Since
the frame coordinates vary with time, the variations can be
considered as a colored measurement noise (CMN), which is
not white [9], [18]. An estimator is thus desirable such that the
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Fig. 1. Possible appearances of the video camera image frame in visual object
tracking due to the object dynamics and low frame rate. A desirable frame is
white.

CMN induced by the frame dynamics is filtered out optimally
[19]–[26].
Although, in the literature, there are various algorithms for
tracking objects such as Circulant Structure Kernel (CSK),
Vehicle Tracking Device (VTD), Structured Output Tracking
with Kernels (Struck), among others [17]. In this paper, we
use a modified Kalman filter (KF) and unbiased finite impulse
response (UFIR). One of the reasons for using these methods
is that they have been proven to reduce CMN with favorable
results [9]. Likewise, the Kalman Filter has been used by
various researchers as a method for tracking objects [27]–
[30]. We view the image frame variations as CMN, modify
the Kalman filter (KF) and unbiased finite impulse response
(UFIR) filter for CMN using measurement differencing, provide simulations, investigate filtering errors, and apply the
algorithms designed to benchmark data obtained from visual
object tracking of a moving car. Based on the simulation and
experimental testing, it is shown that the algorithms modified
for CMN produce much smaller errors than the original
algorithms.

II. S TATE -S PACE M ODEL OF A M OVING O BJECT WITH
CMN E MPLOYING M EASUREMENT D IFFERENCING
The measurement differencing approach was proposed by
Bryson in [31], [32] and results in the Bryson algorithm
to make noise white via smoothing and filtering. In another
Petovello algorithm [33], noise becomes white in one phase
(filtering). Both these and other known modifications for
CMN employ the prediction state-space model obtained by
the forward Euler method. Because prediction is not required
for our purposes, we used another state-space model produced
by the backward Euler method:
xn

=

Fn xn−1 + Bn wn ,

(1)

vn

=

Ψn vn−1 + ξn ,

(2)

yn

= Hn x n + v n ,

(3)

where xn ∈ RK is the state vector, yn ∈ RM is the
observation vector, vn ∈ RM is the Gauss-Markov CMN,
and matrices Fn ∈ RK×K , Bn ∈ RK×P , Hn ∈ RM ×K ,
and Ψn ∈ RM ×M are known and can be constant. Matrix
Ψn is chosen such that the CMN vn is stationary. Noise
vectors wn ∼ N (0, Qn ) ∈ RP and ξn ∼ N (0, Rn ) ∈ RM
are zero mean, E{wn } = 0 and E{ξn } = 0, and white
Gaussian with the covariances E{wn wkT } = Qn δn−k and
E{ξn ξkT } = Rn δn−k and the property E{wn ξkT } = 0 for
all n and k.

To de-correlate wn and v̄n , one can refer to [34] and
combine xn taken from (1) with a term Λn (zn − Dn xn − v̄n ),
where zn is a data vector and Λn must be determined,
xn

= Fn xn−1 + Bn wn + Λn (zn − Dn xn − v̄n )
= An xn−1 + un + ζn ,

(8)

where An = (I − Λn Dn )Fn , un = Λn zn , ζn = (I −
Λn Dn )Bn wn − Λn v̄n , and noise ζn ∼ N (0, Qn ) ∈ RK has
the covariance Qn = E{ζn ζnT },
Qn = (I − Λn Hn )Bn Qn BnT (I − Λn Hn )T + Λn Rn ΛTn . (9)
Matrix Λn making ζn and v̄n uncorrelated can be found by
transforming the desired property E{ζn v̄nT } = 0 that yields
Λn = Φn (Hn Φn + Rn )−1

(10)

and allows finding
Qn = (I − Λn Hn )Bn Qn BnT (I − Λn Dn )T .

(11)

Provided the transformations, the KF modified for CMN
with de-correlated noise sources is represented with a pseudocode listed as Algorithm 1 [9].As can be seen, Algorithm
1 requires a modified system noise covariance Qn (11) and
input un = Λn zn with Λn given by (10). It can easily be
shown that Ψn = 0 makes this algorithm the standard KF.

Algorithm 1: KF for CMN with De-correlated wn and
v̄n
To avoid state augmentation, which makes the KF illData: yn , x̂0 , P0 , Qn , Rn
conditioned [32], and CMN vn in yn , a new observation zn
Result: x̂n , Pn
is considered as a measurement difference, write
1 begin
2
for n = 1, 2, · · · do
zn = yn − Ψn yn−1 ,
3
Dn = Hn − Ψn Hn−1 Fn−1
= Hn xn + vn − Ψn Hn−1 xn−1 − Ψn vn−1 , (4) 4
zn = yn − Ψn yn−1
5
P̄n− = An Pn−1 ATn + Qn
take xn−1 and vn−1 from (1), obtain
6
S̄n = Dn P̄n− DnT + Γn Φn + Rn
K̄n = P̄n− DnT S̄n−1
zn = Dn xn + v̄n ,
(5) 7
ˆ−
8
x̄
n = An x̂n−1 + Λn zn
−1
where Dn = Hn − Γn , Γn = Ψn Hn−1 Fn , and v̄n = 9
ˆ−
ˆ−
x̂n = x̄
n + K̄n (zn − Dn x̄n )
−
Γn Bn wn + ξn and notice that noise v̄n is white with the 10
Pn = (I − K̄n Dn )P̄n
properties
11
end for
12 end
R̄n = E{v̄n v̄nT } = Γn Φn + Rn ,
(6)
A. Measurement Differencing for CMN

E{v̄n wnT }

=

Γn Bn Qn ,

(7)

where Φn = Bn Qn BnT ΓTn . The modified model (1) and (5)
has thus white and time-correlated wn and v̄n .
B. Kalman Algorithm for CMN
Based on the backward Euler-based model (1)–(3) with
CMN, the KF has been recently modified via measurement
differences (5)in [9]. The modification results in two available
KF algorithms for correlated and de-correlated noise sources.
Also, it was shown that the algorithms have now an advantage
against one another. Therefore, we employed the one derived
for the de-correlated noise sources.

C. UFIR Filter for CMN
The UFIR filter [35] [36] does not require any information
about noise, except for the zero-mean assumption. That can
be more suitable for visual object tracking, where neither the
object noise nor the measurement noise is known exactly.
However, it requires an optimal averaging horizon [m, n] of
Nopt points, from m = n − Nopt + 1 to n, to minimize the
MSE. Therefore, the UFIR filter cannot ignore the CMN vn
on short horizons.
A pseudocode of the UFIR filtering algorithm for CMN is
listed as Algorithm 2. To avoid singularities, the algorithm

requires a short measurement vector Ym,s = [ ym . . . ys ]T
and matrix


Dm (Fs ...Fm+1 )−1


..


.
Cm,s = 
.
−1


Ds−1 Fs
Ds

25

p=q=1

20

RMSE, m

KF

UFIR
15

UFIR (CMN)

T
Cm,s
Cm,s

Note that
is singular if s − m < K − 1 and thus the
T
generalized noise power gain (GNPG) Gs = (Cm,s
Cm,s )−1
cannot be computed on horizons shorter than K points. It also
follows that, by Ψn = 0, Algorithm 2 becomes the standard
UFIR filter [35].
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D. Simulation of Two-State Tracking under CMN
We now consider a two-state tracking problem and supposed
that an object is disturbed by white Gaussian acceleration
noise with the standard deviation of σw = 50 m/s2 . The CMN
originates from white Gaussian ξn with σξ = 4 m. A trajectory
2
is simulated at 2000 points for x0 = [ 1 1 ]T , P0 = 0, Q = σw
,
2
R = σv , and


 τ2 


1 τ
2
, H= 1 0 .
F =
, B=
0 1
τ
q
12σξ ∼
Following [37], we determine Nopt =
τ 2 σw = 20 for
white noise and then update it experimentally for each ψ at a
test stage. We reveal experimentally that Nopt changes linearly
from 20 to 30 when ψ rises up to 0.6 and grows nonlinearly
to reach 100 when ψ = 0.95. Function Nopt (ψ) measured in
such a way is used in the UFIR algorithm.
Typical root MSEs (RMSEs) produced by the KF and UFIR
algorithms as functions of ψ and averaged over multiple Monte
Carlo (MC) runs are sketched in Fig. 2. In the case of Fig.

(a)
35
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KF (CMN)
UFIR (CMN)
KF,
p=2
q = 0.5

25

RMSE, m

Algorithm 2: UFIR Filter for Backward Euler Model
with CMN
Data: N , yn
Result: x̂n
1 begin
2
for n = N − 1, N, · · · do
3
m=n−N +1 , s=n−N +K
T
Cm,s )−1
4
Gs = (Cm,s
T
5
x̄s = Gs Cm,s Ym,s
6
for l = s + 1 : n do
7
Dl = Hl − Ψl Hl−1 Fl−1
8
zl = yl − Ψl yl−1
9
Gl = [DlT Dl + (Fl Gl−1 FlT )−1 ]−1
10
Kl = Gl DlT
11
x̄−
l = Fl x̄l−1
−
12
x̄l = x̄−
l + Kl (zl − Dl x̄l )
13
end for
14
x̂n = x̄n
15
end for
16 end

20

KF,
p = 0.5
q=2

15

10

KF,
p=q=1

UFIR

5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Coloredness factor y
(b)

Fig. 2. Typical RMSEs produced by the modified KF and UFIR filter (Nopt =
20) as functions of the coloredness factor ψ for the two-state tracking model
under: (a) ideal conditions, p = q = 1, and (b) errors in the noise statistics,
p 6= 1 and q 6= 1.

2a, we suppose that the noise statistics are known exactly.
In another case of Fig. 2b, we assume that information about
noise in incomplete and introduces the error factors {p, q} > 0
as p2 Q and q 2 R in the algorithms.
The following observations can be made by analysing this
figure:
•

•

•

Under the ideal conditions p = q = 1 (Fig. 2a), the
KF is more sensitive to the coloredness factor ψ than
the UFIR filter. However, the modified KF improves the
performance more efficiently and produces smaller errors
than the modified UFIR filter.
Errors in the standard and modified UFIR filters do not
get away essentially from one another. That means that
the modified UFIR filter is more robust than the modified
KF against the CMN.
Errors in the noise statistics make the modified KF much
less accurate even under small error factors p = 0.5, q =
2 and p = 2, q = 0.5 (Fig. 2b).

An overall conclusion, which is suggested by simulations is
that the UFIR filter is more suitable for solving the tracking
problem under errors in the noise statistics in the presence
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of the CMN. Referring to the above, we now go on with
experimental testing of visual object tracking algorithms.
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Visual object tracking has been organized based on the
benchmark trajectory “Car4,” which coordinates, and car
frames are measured by the following car using a visual
tracking system [17] with data are available from [38]. For
visual tracking, this benchmark trajectory is one of the most
used tracking sequences [17] due to it has a list of annotated
attributes: illumination variation and scale variation. In this
sequence, a car moves and maneuvers smoothly on a road in
an urban area, although the car frames undergo rapid changes.
To test filters by this trajectory, the measurements made are
processed along coordinate x as shown in Fig. 3 in grey.
A comparison with the car actual trajectory shows that data
have brightly pronounced CMN mostly caused the camera
tracking ability (low frame rate).
The problem can be seen in Fig. 3a: as long as the car
moves smoothly, fast variations should be removed from data.
Because noise in data is not white, we suppose that it has
a Gauss-Markov origin and consider it as CMN. Next, the
filters are tuned for the above-discussed two-state model and
test them by this trajectory. Since no additional information is
provided in [38], we conduct filter tuning under some general
assumptions.
The typical capturing rate of cameras for a low frame rate
is 30 frames per second [39], [40]. Considering the trade off
between the image quality and data transmission speed, we set
the capturing rate to 20 frames per second or τ = 0.05 s. We
also suppose that the car acceleration noise is not large, set
σw = 3 m/s2 , and accept σξ = 2 m for the data noise. Next,
both values are examined experimentally for the standard KF
to provide visually best denoising with no essential bias. It
is seen in Fig. 3a that the standard KF tuned in such a way
follows the slow (colored) parts of the trajectory and do not
remove them, as required. To tune the UFIR filter, we find
N ∼
= 65 for its output to range close to the standard KF and
arrive at almost the same estimates as by the standard KF. A
conclusion is thus that the standards filters are not suitable for
visual object tracking (Fig. 3a).
We finally run the modified KF and realize experimentally
that factor ψ ∼
= 0.9 fits with the data noise, allowing for
best denoising. A subsequent minimization of the difference
between the UFIR and KF outputs gave N ∼
= 160 and we set
it to the modified UFIR algorithm. The results sketched in Fig.
3b has appeared to be quite impressive. In fact, the modified
filters remove the colored noise from data very efficiently and
the filtered trajectory traces much closer to the actual one.
Another important conclusion arises from a comparison of the
filter outputs. It follows that the difference between the KF and
UFIR estimates is poorly distinguishable (Fig. 2) to mean that
the UFIR filter, which does not require the noise statistics, is
a better estimator for visual object tracking than the KF.
A complete picture of visual object tracking and estimation
in the x-y plane is given in Fig. 4. Because the CMN is

Coordinate x, m

III. V ISUAL T RACKING OF A M OVING O BJECT

70

65

60

55

Ground truth

50
0

100

200

300

400

500

600

Time, n×0.05, s

(b)
Fig. 3. A benchmark trajectory of a moving car (“Car4”) along coordinate
x and it estimation using: (a) standard KF and UFIR filter (N = 65) and (b)
modified KF and UFIR filter with N = 160.

removed from both scales, we observe here several important
effects. After tuned properly, both estimators behave quite
similarly. However, the UFIR filter does not require information about noise and is thus more suitable for applications.
All slow variations are efficiently filtered out so that the
estimated trajectory looks much smoother and closer to the
actual one. Although both estimators also filter out the fast
noise components, a small amount of fast variations remains.
On other hand, we consider that the current limitation of the
proposed methods is that only were tested in the tracking of
a single objective.
IV. C ONCLUSIONS
The KF and UFIR estimation algorithms developed for
CMN using measurement differencing have appeared to be
highly efficient for visual object tracking in a sequence with
annotated attributes (illumination variation and scale variation). An advantage is that slow frame variations associated
with CMN are suppressed along with fast variations associated
with white noise. That allows tracking moving objects more
precisely. Simulations conducted for the two-state tracking
problem have confirmed the theoretical inferences. Extensive
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Fig. 4. Suppressing the frame slow variations associated with CMN and fast variations associated with white noise in x-y plane of the “Car4” benchmark
using modified KF and UFIR filter.

experimental testing of visual object tracking based on the
“Car4” benchmark contaminated by intensive CMN has fitted
well with the simulation results. We thus conclude that further
development of visual object tracking algorithms can be provided by incorporating the state estimators modified for CMN
for a broad area of applications.
Referring to the high accuracy of the KF and UFIR filter
developed in removing the CMN, we now design practical
algorithms for video target tracking. In future works, the
performance of these algorithms will be measured against
conventional algorithms as well as emerging methods such
as convolutional neural networks.
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